Emergent Quantization in APO: The Fubini-Study Metric from Iterated
Measurement
Status: Working proof — computational verification complete, integrated with cross-source analysis

Date: February 9, 2026

Version: 2.0 (integrates Grok simulations, earlier conversation insights, and spectral regime analysis)

1. Claim

We prove that the Fubini-Study metric on complex projective space emerges necessarily from two iterations of
the APO measurement cycle (® — © — @), without assuming Hilbert space, complex amplitudes, or

quantum postulates. The only inputs are:
e The three APO operators (&), O, D)

e Chentsov's theorem (uniqueness of the Fisher metric)

e The topology of spheres (Hopf fibration)

We further show that discrete spectral structure (quantization) arises from the compactness of the resulting
manifold (spectral theorem), that the three-way optimization selects which eigenstates physically survive
iteration, and that downstream consequences including Bell correlation bounds, uncertainty relations, and

decoherence follow without additional postulates.

2. Definitions and Assumptions

Assumption 1 (Differentiation). & applied to an undifferentiated pattern produces a probability distribution p =
(p1, ..., pa) over n distinguishable outcomes, with Zp; = 1, pi > 0. This is definitional: "creating distinctions"

means assigning distinguishable labels with weights.

Assumption 2 (Recognition as distinguishability). (O computes the overlap between two patterns. For

distributions p, q, the recognition overlap is:
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This is the Bhattacharyya coefficient (equivalently, the Hellinger affinity). It satisfies: (p|O|p) =1 (self-

recognition), (p|®|q) € [0,1], and (p|®|q) = 0 iff p and q have disjoint support (maximally distinct).

Note on self-adjointness: The Bhattacharyya coefficient is symmetric: Z; V(pi qi) = Zi \(qi pi). This symmetry is
definitional (recognition is mutual — there is no preferred "measurer" in APO's inside-out ontology). By

Chentsov's theorem, the associated bilinear form on the statistical manifold is the unique monotone metric,



which is necessarily symmetric and positive-definite. Self-adjointness of (O on the resulting Hilbert space of
square-integrable functions follows from this symmetry via the spectral theorem for compact self-adjoint

operators.

Assumption 3 (Integration as compression). € stabilizes patterns by compressing redundant structure.
Operationally, € quotients out directions that (O cannot resolve (if two patterns are indistinguishable to ©, D

identifies them).

Assumption 4 (Time = iterations). There is no external time parameter. "Time" is the iteration count of the

measurement cycle ® — O — .

3. Pass 1: The Real Statistical Manifold

3.1 The Square-Root Embedding (Forced by Chentsov)

After @ produces distributions p(x|0) parameterized by 60, define the square-root embedding:

|

By normalization, y lives on the unit sphere: Z; yi> =1, so y € S*' c Rn,

The recognition overlap becomes the Euclidean inner product:

|

The distinguishability distance is:

|

This is the geodesic distance on S*! with the round metric.

Chentsov's theorem (1972): On the space of probability distributions, the Fisher Information Matrix is the
unique Riemannian metric (up to scaling) that is invariant under sufficient statistics (i.e., coarse-graining). The
square-root embedding is the unique isometric embedding of the probability simplex (with Fisher metric) into

Euclidean space.

Key point: This step involves no choices. Given @ (distinctions — distributions) and © (overlap —

Bhattacharyya coefficient), the square-root embedding and the round metric on S are forced.

3.2 The Pass 1 Fisher Information Matrix

In the square-root embedding, the FIM components are:



| |

This is (up to the factor of 4) the pullback of the Euclidean metric to the sphere. For the simplest non-trivial

case (n =4 outcomes, 3 free parameters), y € S* € R* and the FIM is a 3x3 positive-definite matrix.

Computational verification: At generic points on S?, the FIM has three positive eigenvalues (full rank). No

degeneracies, no null directions, no phase structure. Everything is real.

4. Pass 2: The Spectral Collapse

4.1 What Pass 2 Measures

Pass 2 applies the cycle @ — (O — @ again, but now its input is the output of Pass 1 — the patterns already
embedded on S°.

When © operates on already-embedded patterns, it computes overlaps between them. But the observable

quantity from Pass 1 is not y itself — it is the overlap function:
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This is the square of the inner product, because the physically meaningful quantity (probability of confusion,

transition probability, recognition strength) is the square of the Bhattacharyya coefficient. The squaring is not an
additional assumption — it follows from the fact that © yields probabilities, and probabilities are non-negative

scalars formed from amplitudes via |-|*.

4.2 The Phase Invariance

Lemma: The overlap function O(y, @) = [y, @)|* is invariant under y — e"{ia}y, where we identify R* = C?

via (X1, X2, X3, Xa) P (X1 + 1Xz2, X3 + 1X4).

Proof. [(e™{ia}y, o) = [e* {1} |* [{w, @) = [(y, @)*. O
Critical question: Why U(1) phase rotation rather than just the Z sign flip y — —y?

The sign flip y — —y is certainly invisible to O. But the full group of transformations preserving O for all ¢
simultaneously is larger. On S3, the group acting on the left that preserves all overlaps is U(1), because S* is the
total space of the Hopf bundle and the U(1) action on C? (scalar multiplication by e {ia}) preserves the

Hermitian inner product's modulus.

The extension from Z: to U(1) is forced by connectedness: S* is a connected manifold, and the fiber (the set of
points indistinguishable from a given y under O) must be a connected subgroup of the isometry group. The

connected component of the identity in the stabilizer of O is U(1), not Zo.



4.3 The Null Eigenvalue

Theorem: The FIM for Pass 2, computed on S* with observables given by the Hopf map, has a null eigenvalue
along the U(1) fiber direction.

Proof: The Hopf map m: S* — S? sends vy to the point (X, y, z) € S? defined by:
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where z1 = Y1 + 12, Z2 = Y3 + 1.

In Hopf coordinates (0, ¢, %) on S3, the fiber direction is 6/0y. Since & is constant along fibers (by definition),
the Jacobian On/0y = 0. Therefore the Pass 2 FIM, which has components:
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has G_yx =0 and G_0y = G_opy = 0. The eigenvalue in the y direction is exactly zero. O

Computational verification: At every test point, the 3x3 Pass 2 FIM has eigenvalues [0, sin’0, 1], matching the
Fubini-Study prediction exactly (to machine precision ~107"7).
4.4 The Induced Metric is Fubini-Study

Theorem: The metric induced on S? = S*/U(1) by the round metric on S* via the Hopf projection is the Fubini-

Study metric on CP.

Proof: This is a standard result in Riemannian geometry. The Hopf map m: S* — S? is a Riemannian submersion

with totally geodesic fibers. The induced metric on the base is:
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(up to an overall factor of 1/4 depending on conventions). This is the standard Fubini-Study metric on CP! = S2.

Computational verification: The 2x2 metric on the Hopf base has components g 00 =1, g ¢ =sin*0, g 0¢p =
0 at every test point, matching the Fubini-Study metric exactly.

5. The Chain of Forcing

Let us be explicit about what is proven, what is a theorem from established mathematics, and what remains

open.



Step Content Status

1 ® produces probability distributions Definitional (APO assumption)

2 (© overlap = Bhattacharyya coefficient Definitional (APO assumption)

3 Square-root embedding y = Vp onto S Forced (Chentsov's theorem, 1972)
4 FIM = round metric on sphere Forced (consequence of embedding)
5 Pass 1 FIM is full-rank (real, no phase) Verified (computation)

6 Pass 2 observables are (V|o)

7 Phase invariance: O(e™{ia}vy, @) = O(y, ¢) Proven (algebraic identity)

8 Z> extends to U(1) by connectedness Proven (topology of S%)

9 FIM has null eigenvalue along U(1) fiber Proven + verified computationally
10 @ quotients the null direction: S3/U(1) = CP! Forced (Hopf fibration, 1931)

11 Induced metric = Fubini-Study Proven (Riemannian submersion) + verified

5.1 Closing the Gap: Step 6 (Non-Negativity of Recognition)

The critical link in the chain is Step 6: why are the Pass 2 observables specifically |(w|p)|? rather than the
signed inner product (y|p)?

If the observables were the signed inner product, there would be no phase ambiguity and no spectral collapse.

The entire proof depends on recognition outputs being non-negative.

Argument from Kolmogorov complexity: The (O operator measures shared compressible structure between
two patterns. In the Kolmogorov framework, this corresponds to mutual algorithmic information:

Mutual algorithmic information is non-negative (up to O(1) additive constants): K(p,q) < K(p) + K(q) + O(1),

because you can always describe the joint pattern by concatenating descriptions of each.

A negative recognition overlap would mean: "knowing pattern p makes pattern q harder to compress than
knowing nothing." But this contradicts a fundamental property of Kolmogorov complexity: conditional
complexity satisfies K(q|p) < K(q) + O(1). Additional information can be useless for compression, but it cannot

be anti-useful. You can always ignore it.



The floor is set by noise. Incompressible noise (K(noise) =~ |noise|) shares no structure with any pattern: I(noise :
p) = 0 for all p. This is the minimum — zero shared structure. There is no state "below noise" that would yield

negative recognition.
Therefore:

1. © measures shared compressible structure (mutual algorithmic information)

2. Mutual algorithmic information is non-negative (you cannot share less than zero structure)

3. Therefore (p|®O|q) >0

4. The square-root embedding represents distributions as y = \p on S*!, with (pIO|q) = (Zi i 0i)* = (v, 0)|?
5. Therefore the Pass 2 observables are necessarily non-negative: they are |(y|o)[*

6. The phase ambiguity (y — e {ia}y preserving |(y|p)|?) follows, and the spectral collapse proceeds

Note: The non-negativity of © is not an axiom added for convenience. It is a consequence of what recognition
is — the detection of shared compressible structure — combined with the mathematical fact that shared
structure cannot be negative. This is the information-theoretic content of the Born rule: probabilities are squared

amplitudes because recognition measures shared compression, and shared compression is non-negative.

5.2 Empirical Support: Compression Simulations

Independent simulation (Grok, Feb 2026) tested the non-negativity argument using zlib compression as a proxy

for Kolmogorov complexity. For structured patterns (repeating motifs, K = 17 bytes):

Overlap Length K(joint, positive) I positive K(joint, negative) I _negative
0 21 13 21 13

20 19 15 28 6

40 17 17 26 8

60 19 15 28 6

80 19 15 28 6

"Positive overlap" (shared prefix structure) consistently yields lower joint K and higher mutual information.
"Negative overlap" (inverted shared structure) consistently yields Aigher joint K — inversion destroys

compressibility rather than creating "negative shared structure."

For random patterns (K = 111 bytes), I positive =1 _negative at every overlap length — confirming that the

effect only appears when patterns have compressible structure to share or disrupt.

Caveat: zlib is a proxy, not K itself. The O(1) gap between practical compression and Kolmogorov complexity

means small effects could be artifacts. The direction of the effect (positive overlap always compresses better for



structured patterns) is robust; exact magnitudes are not.

6. Emergent Quantization: Compactness and the Spectral Theorem

With the Fubini-Study metric on CP! established, we now address the second claim: that discrete spectral
structure (quantization) emerges necessarily, and that the three-way optimization determines which quantum

numbers are physically realized.

6.1 Discreteness from Compactness
The key mathematical fact is:
Spectral theorem for compact manifolds: Let M be a compact Riemannian manifold and A the Laplace-

Beltrami operator on M. Then A has purely discrete spectrum: a countable set of eigenvalues 0 =2Xo <A <Az <

... = o, each with finite multiplicity.

CP!' = §2 is compact. Therefore any elliptic self-adjoint operator on CP' — including operators constructed

from (O — has discrete spectrum. This is not a physical assumption; it is a theorem of functional analysis.

Why compactness? The normalization condition (y|O|y) = 1 (self-recognition) restricts patterns to the unit
sphere, which is compact. If self-recognition were not required (i.e., if patterns could have arbitrarily large
"norm"), the state space would be non-compact and the spectrum could be continuous. The compactness — and

hence the discreteness — traces back to the requirement that recognition be well-defined and bounded.

6.2 The Spectrum Organizes by Symmetry

The isometry group of CP! (with the Fubini-Study metric) is SU(2)/Z> = SO(3). The Laplacian on S? commutes

with all isometries, so its eigenspaces carry representations of SO(3).

The eigenvalues of the Laplacian on S? are:
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with degeneracy 21+1 (the dimension of the spin-1 representation).

When we lift to the full Hopf bundle (working with SU(2) rather than SO(3), as required by the double-cover

structure from Pass 2), the half-integer representations also appear:

{ |

with degeneracy 2j+1.

This is purely a consequence of the geometry. Once CP! is established, the spectrum is determined.



Note on SU(2) emergence: Grok's formalization attempts to derive SU(2) algebraically from three reflection
bases closing under commutation. The cleaner route (which our proof takes) is geometric: SU(2) is the isometry
group of CP! with the Fubini-Study metric. This is a theorem — the group is identified, not postulated. The
three Pauli matrices emerge as the generators of this isometry group, and their commutation relations [oi, Gj] =
2ie_{ijk}o_k are consequences of the Lie algebra of SU(2), not assumptions. The su(2) algebra closure follows

from the geometry, not the other way around.

6.3 What the Three-Way Optimization Actually Does

The representation theory provides the menu of allowed quantum numbers. The three-way optimization
(maximize information, minimize complexity, minimize Landauer cost) determines which items on the menu

are physically realized — which patterns are stable under iterated measurement.

Maximize information — Patterns must be mutually distinguishable. This means they should be eigenstates of
the measurement operator, because eigenstates have maximal Fisher distance from each other (they occupy
distinct spectral positions).

Minimize complexity — Among all possible states on CP’, eigenstates have minimal Kolmogorov complexity
because they are specified by discrete quantum numbers (j, m) rather than continuous coordinates (0, ¢). A finite

string of integers is always shorter than specifying a real number to arbitrary precision.

Minimize Landauer cost — Eigenstates of the measurement operator are fixed points of the cycle: measuring
an eigenstate returns the same eigenstate. No information is erased, so the Landauer cost is zero. Any non-
eigenstate partially collapses under measurement, erasing information about the pre-measurement state at a cost
of kT In 2 per bit.

The optimization therefore selects eigenstates as the only patterns that survive repeated iteration. This is not the
source of discreteness (that comes from compactness), but it is the mechanism by which the discrete spectrum

becomes the only physically relevant structure. Superpositions are transient; eigenstates are permanent.

6.4 The Area Spectrum

The area associated with a pattern-edge (a distinction connecting two recognized patterns) in the spin-j
representation is proportional to V(j(j+1)). This follows from the Casimir operator J2 = J x*+J y*+ ] z*>having
eigenvalues j(j+1), and the area being the square root of the Casimir (matching dimensional analysis for a

"distance-like" quantity derived from a "distance-squared" operator).

The area spectrum is:

This is discrete with a minimal nonzero value at j = 1/2: A_{min} & V(3)/2 = 0.866.

The area gap (minimum nonzero area) is not put in by hand — it is forced by the representation theory of
SU(2), which is forced by the isometry group of CP’, which is forced by the Hopf fibration, which is forced by
the spectral collapse in Pass 2.



7. Downstream Consequences

The derivation chain in §§3—6 establishes the geometric and spectral foundation. Several physical consequences

follow without additional postulates.

7.1 Uncertainty Relations from Spectral Structure

The Cramér-Rao bound states that for any unbiased estimator of parameter 0;:

where A is the eigenvalue of the Fisher matrix in direction 1.

When the Pass 2 FIM has a null eigenvalue (A_y = 0 along the U(1) fiber), the variance in that direction

diverges: the phase is unmeasurable. For directions with large eigenvalues, estimation is precise.

For two conjugate directions with eigenvalues A >> A2 — 0:

As A> — 0, this product diverges even though A1 is large. You cannot have simultaneous precision in both
directions. This is the Heisenberg uncertainty relation emerging from spectral geometry — not from postulating

non-commuting operators, but from the structure of the Fisher matrix that the two-pass mechanism creates.

The effective non-commutativity of conjugate observables is the algebraic encoding of this spectral fact, not its

origin.

7.2 Three Spectral Regimes

The spectral condition number k = A_max/A_min of the Fisher matrix determines which physical regime

operates at each point in pattern space:

Classical regime (k = 1): All eigenvalues comparable. Recognition (q|(O|p) is stable under variation of the
measuring pattern ¢ — multiple observers agree. Geodesics behave predictably. This is the regime of Dennett-

Ladyman "Real Patterns" in flat regions.

Quantum regime (k — o0): Extreme eigenvalue ratios. Some directions hyper-distinguishable, others
effectively invisible. Recognition depends critically on which q you use — different measurement bases yield
different results. Superposition, fragility, observer-dependence emerge. This is the regime created by Pass 2's

spectral collapse.

Mesoscopic regime (intermediate k): Some degrees of freedom have been resolved (decohered), others remain
degenerate. Selective recognition — specific measurement directions work, others don't. This is the semi-

classical transition.



The quantum-classical boundary is therefore a spectral phase transition, not a scale boundary. Quantum
behavior appears wherever k diverges, regardless of physical size. The Planck scale is not fundamental — it is

where gravitational curvature typically forces spectral pathology.

7.3 Decoherence as Additional Measurement Passes

Each interaction between a quantum system and its environment constitutes an additional iteration of the
measurement cycle. The environment's (O effectively performs further passes, resolving previously degenerate

directions in the Fisher matrix.

After many environmental passes, the condition number k collapses back toward 1 — all directions become
resolvable. The system transitions from the quantum regime (gapped spectrum, fragile recognition) to the
classical regime (uniform spectrum, robust recognition). This is decoherence: not a mysterious "collapse" but

the progressive spectral resolution of previously unresolvable directions through environmental measurement.

The decoherence timescale is determined by the rate at which environmental interactions add non-degenerate

eigenvalues to the joint Fisher matrix.

7.4 Bell Correlations and the Tsirelson Bound

With CP! established as the pattern manifold for binary distinctions, the CHSH Bell correlation follows from
the geometry.

Setup: An entangled pair is a joint pattern r = p €@ q with maximal integration (K(r) << K(p) + K(q)), placing

the subsystems at zero Fisher distance. Alice and Bob's measurement directions are reflection orientations on S2.

Correlation function: E(a,b) = —a‘b (from the singlet's anti-symmetry and the Fubini-Study angular

relationship).

The CHSH combination: S = E(a,b) — E(a,b") + E(a',b) + E(a',b") is a bilinear form over four reflection

pairings. The maximum of |S| over measurement directions is a Grothendieck norm problem.

The bound: The Grothendieck constant of order 2 is K G*R(2) = V2 (exactly). The classical bound is S| <2

(from £1 deterministic outcomes). The quantum/APO bound is:
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This is the Tsirelson bound, saturated at optimal 45° angles.

Why this value and no higher? The projective geometry of CP! has constant positive curvature, limiting
directional packing to a rank-2 real tensor structure. Exceeding 2V2 would require embedding in higher tensor
ranks — which would increase the Kolmogorov complexity of the joint pattern description without integrative
gain. The three-way optimization forbids it: super-quantum correlations (PR-boxes, |S| = 4) are ontologically

extravagant.

For higher Bell inequalities with m settings per party, the bound scales with K_G”R(m), the order-m
Grothendieck constant. As m — o, K G"R(m) — K_G”R = 1.68-1.78 (exact value unknown but bounded).



APO predicts the full hierarchy of Bell bounds from the single geometric fact that patterns live on compact

projective manifolds with complexity-bounded tensor structure.

7.5 Toward the Lorentzian Signature: The Budgetary Argument

The Fubini-Study metric derived in §§3—4 is Riemannian (positive-definite), as all Fisher metrics must be.
Spacetime has Lorentzian signature (—,+,+,+). This mismatch has been the deepest open problem in the APO
program. A promising resolution — not yet fully rigorous — draws on the [to-Dechant speed limit framework
(PhysRevX 10, 021056) and the asymmetry between & and @ in the APO cycle.

The core observation: Ito-Dechant's Eq. 51 defines the intrinsic evolution speed of any stochastic system as
v _I(t)= VI(t), where I(t) is the temporal Fisher information. Their Eq. 48 defines the thermodynamic cost C =
14J1(t)dt, and the speed limit (Eq. 55) states t > L?/(2C): traversing a statistical distance L requires minimum time
bounded by the thermodynamic cost. This is a rigorous connection between information-geometric distance and

thermodynamic resources.

The budgetary decomposition: [to-Dechant's Eq. 16 proves that Fisher information is additive under
separation of variables: I(t) =1 {y|y}(t) + I y(t), where y are observable degrees of freedom and y are hidden.
In APO terms, identify the spatial degrees of freedom (distinguishable outcomes of @) with y and the
internal/temporal degrees of freedom (maintained by @) with y. The total Fisher information — the system's

"processing budget" — then decomposes:

{

Because Fisher information is inherently quadratic (it is defined as a variance: I = ((0_t In P)?)), this
decomposition has the structure of a sum of squared speeds. A system with finite energy has bounded I_total

(via Bremermann's limit, which bounds the information processing rate by 2E/(n4)). Rearranging:

[

This is subtraction of positive-definite quadratic forms — the algebraic structure of the Lorentzian metric.

Converting to proper lengths via ds? « [-dt?, we obtain:

[

where c? represents the maximal processing rate and dx? is the Fisher-metric spatial distance traversed per

coordinate time.

Physical interpretation: Time dilation is budget depletion — a system moving at high spatial velocity (large
I space) has fewer processing cycles available for internal evolution (small I _time). A photon (I_space =

I total) has zero internal evolution: dt = 0. A stationary system (I_space = 0) ages maximally: dt = cdt.

Status: Well-Motivated Conjecture. The intuition and the mathematical framework align, but three gaps

remain before this reaches "Derivable":



(1) The Pythagorean (sum-of-squares) form of the budget must be derived from the Fisher information's
quadratic structure, not assumed. The quadratic nature of I(t) = [(&_t P)?/P dx provides the right structure, but
the specific decomposition into spatial and temporal parts needs a rigorous variable separation argument
grounded in the APO cycle.

(i) Bremermann's limit R_max = 2E/(nh) presupposes %, which the honesty table flags as separately
"Conjectured" (pending the Landauer derivation of Planck's constant). The argument would be circular unless #

is independently derived or the bound is reformulated in terms of Landauer cost directly.

(ii1) The connection between Ito-Dechant's continuous-time Fokker-Planck framework and APO's discrete
iteration model (Assumption 4: time = iterations) needs formal bridging. [to-Dechant's monotonicity results (d_t
[ <0 for relaxation) have discrete analogues for Markov chains (proven in their Appendix D), but the specific

budgetary decomposition should be verified in the discrete setting.

Source: The budgetary interpretation was developed in collaboration with Gemini (Feb 8, 2026), drawing on

the Ito-Dechant paper. The gaps identified above are original to this analysis.

7.6 Hidden Variable Detection from Fisher Monotonicity

Ito-Dechant prove (their §III, Eq. 15) that for any Markovian relaxation process without external driving, the
Fisher information monotonically decreases: d_t I(t) < 0. This is a theorem, not a conjecture, valid for both

Fokker-Planck and Markov jump dynamics (Appendix D).

Combined with the additivity (Eq. 16), this yields a powerful diagnostic: if the Fisher information of the
observable degrees of freedom | y(t) increases at any time during relaxation, hidden degrees of freedom must
be present in the system. The total [ =1 {y|y} + 1 y must decrease, so an increase in Iy requires a

compensating decrease in I_{y|y} — meaning information is flowing from hidden variables into observables.

APOQO application: In the quantum regime (§7.2, kK — o), the unresolved phase direction constitutes a hidden
variable. The marginal Fisher information (computed only from observable/spatial degrees of freedom) will
generically show non-monotonic behavior — it can increase as the hidden phase direction leaks information

into observable statistics during the measurement cycle.

This provides an operational criterion for the quantum-classical boundary: a system is in the quantum regime
if and only if its observable Fisher information exhibits non-monotonic relaxation. This is measurable without
any model of the underlying dynamics — it requires only tracking the probability distribution of observables
over time. The criterion is strictly stronger than checking the condition number k, because it works even when

the full Fisher matrix is not accessible.

Status: Theorem (from Ito-Dechant). The APO interpretation is new but follows directly.

8. Summary of the Logical Chain

The full derivation, from APO primitives to quantized spectra and Bell bounds:



.

Every step through Bell bounds is either an APO definition, a proven theorem from mathematics, or an
argument from information theory. The hidden variable criterion (§7.6) is a proven theorem applied to the APO
setting. The Lorentzian signature (§7.5) is a well-motivated conjecture with identified gaps. No quantum

postulates are assumed.

9. What Is Proven vs. What Remains Open

Proven (rigorous)
e Square-root embedding is forced by Chentsov's theorem
e Pass 1 FIM is full-rank (no quantum structure yet)
e Phase invariance of |(y|@)[* is an algebraic identity
e Z»>— U(]) extension is forced by topology of S°
e Null eigenvalue in Pass 2 FIM exists along the fiber direction
e Hopf fibration S3/U(1) = CP' is a theorem
¢ Induced metric is Fubini-Study (Riemannian submersion theorem)
e SU(2) is the isometry group of CP' (standard differential geometry)
e Casimir eigenvalues j(j+1) are discrete (representation theory)
e Uncertainty relations from Cramér-Rao + spectral structure
e Tsirelson bound 212 from Grothendieck constant K G"R(2) = \2

¢ Fisher information monotonically decreases during Markovian relaxation (Ito-Dechant theorem)



¢ Non-monotonic marginal Fisher information implies hidden variables (Ito-Dechant, applied to APO

spectral regimes)

Argued from Kolmogorov complexity (strong but requires formal tightening)
e Non-negativity of (O: recognition measures shared compressible structure, which cannot be negative
(K(qlp) £ K(q) + O(1)). This forces Pass 2 observables to be |[(y|p)|? closing the critical gap

e The "O(1) additive constant" in Kolmogorov bounds needs careful handling — for the argument to be

fully rigorous, the non-negativity must hold exactly, not just up to constants

e Empirically supported by compression simulations (§5.2)

Argued but requiring further formalization

e Three-way optimization selects Casimir eigenstates specifically
e Landauer cost argument for stability of eigenstates

e Decoherence timescales from environmental measurement rates
e Super-quantum correlations forbidden by complexity cost

e Lorentzian signature from budgetary decomposition (§7.5): The minus sign arises from competition
between @ (spatial distinction) and € (temporal integration) under a finite processing budget. The
quadratic decomposition leverages Fisher information's inherent variance structure and Ito-Dechant's
additivity theorem. Three specific gaps identified (Pythagorean form, % circularity, discrete-time

bridging). Status: well-motivated conjecture.

Open
e Generalization beyond n=4 (higher CP», other gauge groups)
e Explicit derivation of \/(J (j+1)) area spectrum from APO constraints alone
¢ Connection to Bremermann's limit and the definition of time as iteration count
e Formal definition of the @ operator beyond "quotient out null directions"

e Lorentzian signature: Promoted from "Speculative" to "Well-Motivated Conjecture" — see new §7.5 for
the budgetary derivation via Ito-Dechant and remaining gaps.

e Path-dependent Solomonoff horizon: The prior P(p) « 2" {—K(p|history)} is conditioned on
measurement history, making the complexity landscape dynamic and history-shaped. This conceptual

extension does not conflict with the proof but requires separate formalization.




Appendix A: Computational Verification

All numerical results were computed in Python (NumPy) with finite-difference derivatives (¢ = 107°). Key

results:

Pass 1 FIM eigenvalues at (a=0.7, f=1.1, y=0.5): [1.6601, 2.3399, 4.0000] — full rank.

Pass 2 FIM eigenvalues at multiple points on S?:

Eigenvalues

Fubini-Study prediction

0.3

[0, 0.0873, 1.0000]

[0, 0.0873, 1.0000]

0.7

[0, 0.4150, 1.0000]

[0, 0.4150, 1.0000]

1.0

[0, 0.7081, 1.0000]

[0, 0.7081, 1.0000]

1.2

[0, 0.8687, 1.0000]

[0, 0.8687, 1.0000]

1.5

[0, 0.9950, 1.0000]

[0, 0.9950, 1.0000]

2.0

[0, 0.8268, 1.0000]

[0, 0.8268, 1.0000]

2.5

[0, 0.3582, 1.0000]

[0, 0.3582, 1.0000]

Null eigenvalue is zero to machine precision (~107'7) at every test point. The non-null eigenvalues match the

Fubini-Study metric exactly.

Appendix B: Laplacian Spectrum on CP*

For completeness, the discrete spectrum of the Laplace-Beltrami operator on S? (= CP?):

1 (orj}) Eigenvalue —1(1+1) Positive form j(j+1) Multiplicity (21+1)
0 0 0 1
1 -2 2 3
2 -6 6 5
3 =12 12 7
4 -20 20 9




These are integer | values (SO(3) representations on S?). Half-integer j (SU(2) spinor representations) live on
the double cover S* — exactly where the two-pass mechanism operates before the Hopf projection. The full

SU(2) representation theory becomes accessible by working on the total space of the Hopf bundle.

Appendix C: Source Integration Notes

This document integrates results and insights from:

e QOur proof session (Feb 89, 2026): The two-pass mechanism, Kolmogorov non-negativity argument,

and computational verification

e Earlier conversation with Claude (Jan—Feb 2026): Three spectral regimes, uncertainty from Fisher
spectra, decoherence as spectral resolution, Solomonoff horizon, and the Lorentzian signature problem

¢ Grok conversations (Feb 7-8, 2026): Bell/Grothendieck connection, compression simulations
supporting non-negativity, su(2) algebra closure (superseded by our geometric identification), Laplacian

spectrum verification

e Gemini collaboration (Feb 8, 2026): SU(2) verification, Quantum Darwinism connection, and the
budgetary derivation of Lorentzian signature (§7.5) drawing on Ito-Dechant. Gemini's claimed status
upgrade from "Speculative" to "Derivable" has been downgraded to "Well-Motivated Conjecture" with

three identified gaps.
e Ito & Dechant (PhysRevX 10, 021056, 2020): Fisher monotonicity theorem, hidden variable detection

criterion (§7.6), thermodynamic cost formulation, and the quadratic structure underlying the budgetary

Lorentzian argument

Where sources disagree (e.g., whether @ "is" the score function), this document follows the honest version: &
means "these are distinct," Chentsov bridges to the Fisher metric, and the score function is a consequence of the
geometry rather than an identification with a primitive operator. Where sources overclaim (e.g., Gemini's

Lorentzian "Derivable" status), this document identifies the specific gaps.



