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The regularity decision problem for averaged Navier—Stokes systems is undecidable: no algorithm
determines, given computable initial data, whether the flow is globally regular, because the answer
encodes the halting problem. The universal regularity statement is false (some computable data
provably blow up), but individual instances are ZFC-independent. The Church—Turing barrier is
strictly stronger than independence from any particular formal system.

We arrive at this result by two independent paths. The first develops the Fisher Information
Matriz (FIM) spectral gap Ai(t) as a geometric measure of computational distinguishability in the
velocity field. We prove A1(t) — 0 implies blow-up (backward spectral equivalence), connect FIM
degeneracy to Turing machine halting via cellular automaton encoding, and identify a precise ob-
struction: the equidistribution gap for deterministic initial conditions. The second path bypasses
this obstruction entirely. Building on Tao’s averaged operator framework [3], we prove that the
parametric freedom in the averaged bilinear operator suffices to implement any cellular automaton
transition function (the programmable cascade theorem), so that regularity encodes halting directly.
Both paths converge on the same boundary.

For exact (physical) NS, where the averaged framework does not apply, the FIM framework
becomes essential. We prove a near-blow-up theorem, a C2 equivalence (unlimited computation <
blow-up), and establish a four-way dichotomy (R/F/I/I') constrained by Shoenfield absoluteness.
The blow-up predicate is ¥1; the truth value is forcing-invariant.

I. INTRODUCTION

The Clay Millennium Prize problem [I] asks whether every smooth, finite-energy, divergence-free initial datum
on R? produces a global smooth solution to the Navier-Stokes equations. Neither global regularity nor a blow-up
example has been established.

This paper shows that the difficulty is not technical but structural: the regularity question encodes the halting
problem, and its resolution requires crossing the Church—Turing barrier.

We develop two independent approaches to this conclusion. The first is geometric. We introduce the Fisher
Information Matrix (FIM) spectral gap A1 (t) of the velocity-field probability distribution and prove that its collapse to
zero forces blow-up (Section. When a Navier—Stokes flow encodes a Turing machine via a programmable frequency
cascade built on Tao’s averaged operator framework [3], the FIM tracks the computation: a halting machine produces a
stationary distribution with A; > 0; a non-halting machine should drive A\; — 0 through equidistribution (Section .
This approach nearly proves undecidability of the spectral gap question, but encounters a precise obstruction: the
equidistribution argument requires random initial conditions, while the encoding is deterministic (Remark .

The second approach is direct. Tao [3] proved finite-time blow-up for one specific averaged Navier—Stokes system,
using a self-replicating frequency cascade with the character of a von Neumann machine. We show that his framework
is programmable: the parametric freedom in the averaged operator B suffices to implement any cellular automaton
transition function, so that for each Turing machine M there exists an averaged system whose regularity from da-
tum ud! is equivalent to halting of M (Theorem . Combined with the Church-Turing theorem, this immediately
gives undecidability, the Church-Turing barrier, and instance-level ZFC independence—without the FIM, without
equidistribution, without any additional machinery (Section E[) The universal regularity statement (%) is false: some
computable data provably blow up.

Both paths converge on the same boundary, but they reveal different things. The direct path gives the theorem. The
geometric path gives the understanding: why the halting problem appears in fluid dynamics, what the spectral gap
measures (computational distinguishability of velocity distributions), and where the undecidability lives geometrically
(Section [VI).
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For exact (physical) NS, where the engineered nonlinearity Bis replaced by (u-V)u, the direct path cannot reach.
Here the FIM framework becomes essential. We prove that computable initial data can drive \; arbitrarily close
to zero for exact NS (near-blow-up, Section , that unlimited computation in exact NS is equivalent to blow-up
(C2 equivalence, Section 7 and that the truth value is analytically absolute with a four-way dichotomy R/F/I/T
(Section [VIII).

The paper closes with a discussion of why these results reframe the Clay problem as a question about computation
rather than analysis (Section 7 and a formal resolution statement (Section .

II. SETUP AND NOTATION

The incompressible Navier-Stokes equations on R3:

Ou+ (u-V)u =—-Vp+ vAu, (1)
V.u=0, (2)
’LL(', O) = uo, (3)

with v > 0 and ug € C®°(R3) N L3(R?), V - ug = 0.

Remark II.1 (Pressure and the vorticity formulation). The pressure p in is mot an independent dynamical vari-
able. The divergence-free constraint determines p uniquely (up to a constant) from u via the Poisson equation
—Ap = 0;0;(u;uj), obtained by applying V- to , Equivalently, applying the Leray—Helmholtz projection Pgi, (or-
thogonal projection onto divergence-free fields) to eliminates Vp entirely, yielding Opu = —Paiv[(u- V)u] + vAu, a
closed evolution in u alone. Applying VX to likewise kills Vp (since V x Vp = 0), producing a closed vorticity
equation (see in the proof of Theorem . All results in this paper are formulated in terms of u and w = V X u;
the pressure plays no independent role.

Definition ILI.2 (Strong solution). u € C'([0,T); C*°(R?)) satisfying (1) ~[@) pointwise with supiepo,r) [u( )|l g <
0.

Definition II.3 (Finite-time blow-up). lim;_,7~

u(-,t)|| 2 = oo for some T* < oo.

Theorem II.4 (Beale-Kato-Majda criterion). Let T* < oo be the mazimal time of existence of a strong solution
to (I)-(). Then T* < oo if and only if fOT |lw(:t)|| oo dt =00, where w =V X u.

Proof sketch. Applying VX to eliminates the pressure (V x Vp = 0), giving the vorticity equation
Ow+ (u-Vw = (w-V)u+rAw. (4)

Beale-Kato—Majda [2] proved the criterion for the inviscid case (v = 0, Euler equations) using a logarithmic Sobolev
inequality to close the |Jw||, - estimate. Since (4] differs from the Euler vorticity equation only by the term vAw with

v > 0, and this term satisfies (VAw, w) ;> = —v ||Vw||ig < 0 (i.e., viscosity can only dissipate vorticity, never amplify
it), every a priori bound in the Euler proof carries over with the same or better constants. See Majda—Bertozzi [§],
Theorem 3.6, for the complete viscous proof. O

A computable initial datum is one for which there exists a program that, given (z, k), outputs a rational approxi-
mation to ug(z) within 27%. We write K (ug) < oo for such data. Computable data are dense in C° N L2

III. THE FISHER INFORMATION SPECTRAL GAP

The central geometric object is the FIM spectral gap of the velocity-field distribution. The idea is simple: if nearby
initial data produce indistinguishable velocity fields at time ¢, then no measurement can determine which datum
generated the flow. The FIM quantifies this distinguishability, and its spectral gap A1 (t) measures the minimum rate
of distinguishability loss across all parameter directions.

When A; > 0, the flow retains detectable structure—mnearby data produce detectably different distributions. When
A1 = 0, the flow has become informationally opaque: no finite-variance estimator can tell neighboring velocity fields
apart (Cramér—Rao [7]).



A. Definitions
Definition IIL.1 (Velocity distribution). For a strong solution with ||u(-,t)|| ;. > 0:

Ju(z, )|
Pt xTr) = I
) [u( D2

This is the spatial energy density, normalized to a probability distribution.

Definition II1.2 (Flow FIM). Fiz a smooth parameterization 0 v u$. The FIM at time t:

g”(e,t) = / (81 lnPt)((‘)J h’lPt) Pt d.]?, (6)
R3
where 9; = 9/00;.
Definition II1.3 (Spectral gap).
M) = i B0 (7)
R ST
vlkerg

Remark ITI.4 (Why the FIM is canonical). The FIM g;; is the unique Riemannian metric on statistical models
invariant under sufficient statistics (Chentsov [3]). This uniqueness means that A1 is not an ad-hoc choice of prozy: it
is the canonical measure of parametric distinguishability, the only one that respects the intrinsic geometry of probability
distributions.

B. FIM Evolution and Vorticity

The NS equations drive the FIM through a competition between viscous dissipation and nonlinear transport.
Differentiating g;; in t and substituting the NS equation (Appendix :

8tgij = —2v RiCi]‘ — Qij, (8)

where Ric;; > 0is the Bakrnymery Ricci contribution [6]—viscosity destroying information—and Q);; is the nonlinear
contribution from advection.
The nonlinear term is controlled by vorticity:

Lemma III.5 (Vorticity-FIM bound). There exists C > 0 such that for all unit vectors v:
|Qijv'v?| < 20 ||wll o gio'v’. (9)

Proof. The score function is s; = 9; In P, = 2(0;u - u)/ |u|2 — ¢;, where ¢; is the normalization correction. By Cauchy—

Schwarz on L*(Py): |Qijo'v?| < 2[v- 5]l 12(p, - Hv - 0g[N1(u) - u/ |u|2}HL2(P ) +O(gijv'v?), where N (u) = — Paiy (w X

u). The first factor satisfies |v - SH;(H) = g;jv'v7. The second is bounded by Ci ||w| ;~ 1/gijv'v? via the score-
gradient bound (Appendix [B) and Biot—Savart [g]. O

C. Backward Spectral Equivalence

The vorticity—FIM bound connects FIM collapse to blow-up through the Beale-Kato-Majda criterion. This is the
central structural result:

Theorem III.6 (Backward spectral equivalence). For any strong NS solution (averaged or exact):

A(t) >0 ast — T = blow-up at T™.



Proof. Taking v as the Aj-eigenvector in and applying Lemma [[T1.5

A\
= 2 Ol A, (10)
with C" = 2C + 2vk ;. By Gronwall:
¢
M) > Ai(0) exp(-C”/ Jwll o ds)- (11)
0
If Ay — 0 then fOT* lw|| ;e = o0, giving blow-up by BKM (Theorem [IT.4)). O

Remark III.7 (What the backward direction says). The Grénwall bound 15 a lower bound on \i. It says:
if the FIM degenerates, vorticity must have exploded. In the language of distinguishability: if the flow becomes
informationally opaque, something catastrophic has happened to the velocity field. The converse—blow-up implies
A1 — 0—is a separate question. For averaged NS it follows from the CA encoding (Section . For exact NS it
remains a conjecture (Conjecture . All results in this paper use only the backward direction.

Conjecture II1.8 (Forward direction, exact NS). If a strong solution blows up at T* < oo under exact NS, then
A(t) =0 ast — T*.

Remark IT1.9 (Reduction to profile universality). Under self-similar blow-up, the blow-up location and orientation
are gauge degrees of freedom (NS is translation- and rotation-invariant). On the quotient space modulo Euclidean
symmetry, Conjecture [ITIL.§ reduces to profile universality: nearby initial data produce the same blow-up profile modulo
symmetry. Such universality is proved for analogous equations (Merle—Raphaél for NLS [T7]) but remains open for
3D NS.

IV. ENCODING THE HALTING PROBLEM

The backward spectral equivalence gives a geometric criterion for blow-up. We now connect it to computation by
encoding Turing machine dynamics in an averaged Navier—Stokes flow, building on Tao’s framework [3].

A. Tao’s Averaged Blow-Up Framework

Define the averaged NS system:
o+ B(u,u) =vAu, V-u=0, (12)

where B is an averaged FEuler bilinear operator: a linear combination of compositions of the true Euler bilinear
operator B with rotations Rotr € SO(3), dilations Dily, and Fourier multipliers m(D) of order zero, averaged over a
probability space (€2, u):

(B, v), w) = / (B(miRot g, Dily,u, maRot s, Dily,v), msRot s, Dily, ) dju(w). (13)
Q

Any bilinear estimate for B in Sobolev spaces WP (1 < p < oo) implies the same estimate for B, by the triangle

inequality and the Hérmander-Mikhlin theorem [3]. Provided B is symmetrized so that (B(u,u),u) = 0, solutions
to obey the standard energy identity.

Theorem IV.1 (Tao 2016 [3]). There exist a symmetric averaged Euler bilinear operator B satisfying (B(u,u),u) = 0
and a Schwartz divergence-free ug € C*°(R3) N L?(R3) such that the mild solution to blows up in finite time.

Tao’s construction builds a self-replicating frequency cascade: energy at scale n is transferred to scale n + 1
by a carefully engineered B, producing a scale-by-scale copy of the initial structure at geometrically decreasing
time intervals t,,1 — t, ~ (1 + £y)~°"/2, yielding finite-time blow-up [3]. The mechanism has the character of a
von Neumann self-replicating machine: the cascade transfers energy to a finer scale while erasing the previous one,
each step implemented by quadratic mode interactions.

Crucially, the definition affords enormous parametric freedom. The averaging measure pu, the rotations R;(w),
multipliers m;(w), and dilations A;(w) are all at the constructor’s disposal. Different choices of u produce different
operators B, and hence different dynamics—all sharing the energy identity and all obeying every Sobolev estimate
that the true Euler operator B does. Tao exploits this freedom to implement one particular cascade; we now show
that the freedom suffices to implement any finite computation.



B. The Programmable Cascade

The following three results extend Tao’s framework to computational universality. The key observation is that
the averaged bilinear operator B can be chosen to realize arbitrary prescribed quadratic interactions between well-
separated frequency modes, and that any cellular automaton transition function can be compiled into such interactions.

Lemma IV.2 (Mode coupling freedom). Let { Ny} | be frequency scales with Nyy1/Ny > R for a sufficiently large
universal constant R. For each pair (k, k") with |k — k'| <1, let agp € R be a prescribed coupling strength, subject to
the constraint

Qplr = Ot (14)

(which ensures cancellation). Then there exists an averaged bilinear opemtoré of the form satisfying <B(u, w),u) =
0, such that for vector fields uy, spectrally supported near || = Ny, the trilinear form satisfies

(B (g, g ), wirr) = ovre (Bw, wer ), ) + O(R™ [Jugel| [ || [Juer|]) (15)
for lk— K| < 1, |k — k| <1, and (Blug, up), upr) = O(R= | || |wwr ) for |k — K| > 1 or [k — k| > 1.

Proof. Fix a pair (k, k') with |k — k’| < 1. Define a Fourier multiplier x(§) that is a smooth bump supported on
{¢] € [Ng/2,2N.]} with xx = 1 on {|¢| € [Nx/Vv/2,v2Nyi]}. The Euler trilinear symbol Ag, ¢, ¢, ([3, Equation (1.4)])
is nonzero for generic frequency triples (£1,&2,&3) € supp(xx) X supp(xx) X supp(xx~) with & + & + & = 0 (Tao’s
non-degeneracy, cf. [3, Section 3]). Averaging over rotations in SO(3) eliminates directional dependence, giving a
scalar coupling between frequency shells. Setting the multipliers m;(w) = xx, (selecting the frequency shells) and
integrating the rotations and dilations against a suitable scalar weight ays realizes the prescribed coupling. The
cancellation (B(u,u),u) = 0 follows from the symmetry together with the antisymmetric structure of the Euler
trilinear form under simultaneous permutation of its arguments (cf. [3, Remark 1.6]). Cross-scale interactions with
|k — k’| > 1 receive no weight from p and contribute only O(R™!) errors from the tails of yy. O

Lemma IV.3 (Boolean compilation). Let (S,d) be a finite-state cellular automaton on S with local rule §: S*™+1 —
S of radius r. Then & can be decomposed into a circuit of depth D = D(|S|,r) consisting of bilinear operations
(multiplication of mode amplitudes) and affine corrections, all satisfying the cancellation constraint. The circuit depth
D is a constant depending only on the CA rule, not on the lattice size or the number of steps simulated.

Proof. The map 6: S+ — S is a function on a finite domain with |S|?"*! inputs. Represent S = {0, 1}1°82 1511 in
binary. Any Boolean function on m bits can be realized by a circuit of AND and NOT gates with depth O(m) [24].
Each AND gate z - y is a bilinear operation on mode amplitudes. NOT gates are realized by the affine map 1 — x,
implemented via a fixed “clock” mode of constant amplitude 1 at each scale. The cancellation constraint is maintained
by structuring each gate as an energy-conserving transfer: the product z - y simultaneously creates the output mode
and annihilates a compensating mode, as in the pump-amplifier mechanism of [3, Section 1.2]. Since |S| and r are
fixed, D is a constant independent of n. O

Lemma IV.4 (Digital refresh). At each frequency scale Ny, the averaged operator can include a refresh substep that
restores mode amplitudes to robust binary bands, as follows. For a robustness parameter 0 < n < 1, define the “on”
band [1 —n, 1+ n] and “off” band [0,7)]. If an amplitude a enters the refresh substep within 1y < n/2 of the intended
value (0 or 1), then after the refresh it lies within kng of that value, for some fized 0 < k < 1.

Proof. The refresh is implemented by a two-mode interaction between the signal mode (amplitude a) and a reservoir
mode (amplitude Ao > 1) within the same frequency shell. The averaged operator couples them via

a=aAsa(l—a), Ares:—aAresa(l—a), (16)
where o > 0 is the coupling strength, chosen via Lemma The energy identity holds: 4 (a?+A42 ) = 2a Ayes a (1—

dt res
a)(1 — Awes) = —2a A2 a (1 — a), which is nonpositive for a € [0,1] and large Ayes; the cancellation (B(u,u),u) = 0
is maintained by the compensating reservoir dynamics.

The ODE has stable fixed points at @ = 0 and ¢ = 1 and an unstable fixed point at a = % For a € [no,n]
(intended 0), the flow drives a — 0 with contraction rate a/a ~ —aA,es, giving a(Tret) < e~ *AresTret q(0). By choosing
Tret such that aA;esTref = In(1/k), the contraction x < 1 is achieved. The case a € [1 — 7,1 — ng] (intended 1) is
symmetric.

The refresh time Tef is O(AzL), which is negligible compared to the cascade transition time (14 £o)~°"/2 for Ay

of order the cascade amplitude A. Viscous error during refresh is O(vN2Tyer) = O(vN2/A), which is absorbed into
the per-step error bound Csv/A. O



Remark IV.5 (Why digital refresh is needed). Without the refresh substep, the compiled Boolean circuit ( Lemma
operates on continuous mode amplitudes that drift from exact 0/1 values by O(v/A + R™1) per gate. Over D gates
per cascade step and n cascade steps, the accumulated analog drift is O(nD(v/A + R™1)), which eventually destroys
the binary encoding. The refresh contracts the drift by factor k < 1 after each cascade step, so the cumulative error is
bounded by a geometric series: e, < k"o + Cs(v/A+ R™1)/(1 — k). For A sufficiently large and R sufficiently large
(equivalently, Ly sufficiently large), this remains below the robustness threshold n for all n. Tao [3] notes explicitly
that any fluid computation program would need “suitably stable logic gates” with “analog signals of fluid mechanics
[converted] into a more error-resistant digital form”; the refresh substep is the realization of this requirement within
the averaged framework.

Theorem IV.6 (Programmable cascade). For any finite-state CA (S,d) on S and any initial configuration ¢y € S
of finite support, there exist an averaged bilinear operator B satisfying (B(u,u),u) = 0 and a computable encoding
o: STC™®(R3)NL*(R3) (divergence-free, computable, K(o(co)) < oo) such that the averaged NS flow from ug = o(co)
simulates n steps of (S,0) on [0,t,], with per-step error < Csv/A, where A is the initial amplitude and Cs depends
only on the CA rule.

Proof. Fix a geometric scale ratio Ny, +1/N,, = (1+£y) with £y large enough for the error analysis (as in [3, Section 4]).
At frequency scale n, the CA configuration after n steps is encoded in the amplitudes of modes near |£| ~ N,,. Each
site ¢ of the lattice occupies a distinct angular sector in Fourier space, and the state ¢, (i) € S is represented by the
pattern of active modes within that sector (using [log, |S|] modes per site in binary).

The cascade proceeds as follows. At the transition from step n to step n + 1:

1. Read. The modes at scale N,, encoding the neighborhood (¢, (i —7), ..., c,(i+7)) for each site i serve as inputs
to the compiled circuit (Lemma [IV.3)).

2. Compute. Over D substeps, the circuit evaluates § via bilinear mode interactions at intermediate frequencies
between N,, and N, 1, using the mode coupling freedom (Lemma [IV.2)) to realize each gate. Each substep is
an energy-conserving quadratic transfer.

3. Write. The output modes, now centered at scale N, 11, encode the updated configuration ¢, 11 = d(cy,).

4. Refresh. The digital refresh substep (Lemma [[V.4) snaps the output amplitudes back to robust 0/1 bands,
contracting any analog drift by factor k < 1 per cycle.

5. Erase. The modes at scale N,, are annihilated by the same transfer that creates the output modes, maintaining
the energy identity.

The time for the n-th transition is t, 11 — t, ~ (1 4 £o)~ /2" matching Tao’s scaling [3, Section 1.2]. Viscous
dissipation acts on time scale (1 + £y) 2" at frequency N,,, which is much longer than the transition time for large n;
the viscous error per step is < Csv/A, where Cs absorbs the circuit depth D and the constant from Lemmam

The encoding o maps ¢y to the Schwartz divergence-free vector field with modes at scale Ny representing cg in the
convention above; this is manifestly computable with K (o (cg)) < oo whenever ¢q has finite support. O

Since any Turing machine M can be simulated by a universal CA (e.g., Rule 110; Cook [14]), Theorem yields,
for each M, a datum u)! € C°° N L? with K(u)!) < oo such that averaged NS regularity from u}! is equivalent to
halting of M: if M halts at step IV, the CA reaches a fixed point and the flow settles to a stationary state; if M does
not halt, the cascade runs indefinitely through geometrically decreasing time intervals, and the flow blows up in finite
time.

Remark IV.7 (Proof granularity). The proof of Theorem identifies the key mechanisms—mode-selective coupling
in Tao’s averaged operator class, bounded-depth Boolean compilation, digital refresh, and geometric control of cumula-
tive error across cascade steps—and reduces universality to explicit quantitative estimates within this framework. To
keep the present paper focused on the undecidability and information-geometric consequences, the full multiplier-level
construction and long-time error bookkeeping are not reproduced here; a standalone treatment with detailed bounds is
i preparation.

Remark IV.8 (Relation to prior work). Moore [21] asked whether hydrodynamics can perform computation. Tao [3]
constructed the averaged operator framework and the self-replicating cascade that proves Theorem ' our The-
orem [IV.§ extends his architecture from one fized cascade to an arbitrary programmable one. Cardona, Miranda,
and Peralta-Salas [19, [20] proved that stationary Euler flows (inviscid, time-independent) can be Turing complete:
on (83, 9) via contact geometry [19], and on Euclidean R® via the Cauchy—Kovalevskaya theorem [20] (though with



infinite-energy solutions). Dyhr et al. [25] extended Turing completeness to stationary Navier—-Stokes flows on Rie-
mannian 3-manifolds with by > 0, via cosymplectic geometry.

The present construction is fundamentally different: it encodes computation in the time evolution of a viscous
flow on R3, not in the steady-state orbits of an inviscid (or stationary viscous) flow on a compact manifold. The
computation lives in the initial data and is carried forward by the NS dynamics; blow-up provides the growing amplitude
that sustains the computation against viscous dissipation (the energy barrier, Proposition . This is what makes
the NS reqularity question—rather than trajectory reachability—encode the halting problem.

C. FIM Behavior Under Tao Encoding

The FIM spectral gap tracks the two outcomes geometrically.
Lemma IV.9 (FIM tracking). Under the encoding of Theorem :

(H) If M halts at step N, then Ai(t,) > 6 > 0 for all n > N, where 6 depends on the halted state.
(NH) If M does not halt, then inf,, A;(t,) = 0.

Proof of (H). At step N, the CA reaches a fixed point; the velocity field is smooth and approximately stationary. The
FIM of a smooth, non-degenerate stationary distribution is positive definite by the Cramér—Rao bound [7]. Continuity
of A\ (t) gives A1(t) > >0 for t > ty. O

Proof of (NH). By the backward spectral equivalence (Theorem [III.6)), contrapositively: if A\;(t) > ¢ > 0 on [0,7%),
then the flow does not blow up. Since the non-halting averaged flow blows up (Theorem [IV.6), inf, A;(¢,) =0. O

D. The Equidistribution Argument

A stronger result—A\; (¢,) — 0, not merely inf,, A (¢,) = 0—follows from CA equidistribution, which provides the
geometric mechanism for FIM collapse.
Lemma IV.10 (CA equidistribution). Let CA be a surjective cellular automaton on {0,1}2 [15]. For i.i.d.
Bemoulli(%) initial conditions, the spatial correlations decay: Cp(k) = E[spi Snitk] — i — 0 as n — oo. For
mizing surjective CAs (a dense open class [10)]), the rate is exponential.

Proof. The uniform Bernoulli measure is invariant under surjective CAs (Hedlund’s theorem [I5]). Decorrelation
follows from positive entropy of surjective CAs [16]. O

Under equidistribution, the velocity distribution P, — Py in the weak-* sense. The FIM of P, vanishes
identically since the uniform distribution does not depend on the parameter 6: 0; In Py = 0, giving A; — 0.

E. The Obstruction

Remark IV.11 (The equidistribution gap). Lemma assumes 4.1.d. Bernoulli(%) wnitial conditions. The pro-
grammable cascade encoding produces a specific deterministic configuration determined by the Turing machine M.
Equidistribution of a specific orbit under a mixing CA is plausible but stronger than equidistribution of measure-
generic orbits; it has not been verified for the cascade encoding.

The weaker conclusion inf,, A\ (t,) = 0 follows unconditionally from the backward spectral equivalence (Lemma(NH)).
The full A1 (tn) — 0 with geometric mechanism requires closing the equidistribution gap.

This is a real obstruction in the FIM route to undecidability. We now show it can be entirely bypassed.

V. THE DIRECT ROUTE: CHURCH-TURING BARRIER

The equidistribution gap blocks the FIM route from proving undecidability of the spectral gap question. But the
undecidability of averaged NS regularity does not require the FIM at all. The programmable cascade (Theorem [IV.6])
directly establishes:

averaged regularity from ul! <= M halts. (17)

Everything follows from this single equivalence.



Theorem V.1 (Undecidability of averaged NS regularity). There is no algorithm that, given a computable index e
specifying divergence-free uée) € C*® N L?, decides whether the averaged NS flow from u((Je) 1s globally regular.

Proof. By , if averaged regularity were decidable, composing with M + u}! would decide the halting problem.
This contradicts the Church-Turing theorem. O

Theorem V.2 (Church-Turing barrier). Let T be any consistent, recursively axiomatizable formal system extending
Peano arithmetic. Then:

(a) Computability barrier. Define R(e) = “the averaged NS flow from u(()e) exists globally.” By , R(e) & “M,
halts.” The function e — R(e) is not computable (Theorem[V.1]).

(b) No uniform regularity proof. If T proves “for all computable ug, the averaged NS flow is globally regular,”
then for each e, the instance T + R(e) follows by universal instantiation. Since T is recursively axiomatizable,
the map e — “T'-proof of R(e)” is a partial computable function defined for all e. Since R(e) < “M, halts,” this
decides the halting problem. Contradiction.

(¢) The universal statement is false. Some Turing machines provably do not halt (e.g., a trivial infinite loop).
By Theorem the corresponding computable averaged NS data provably blow up. Therefore =(x) is true and
provable in PA. (Note: —(x) is “some data blow up,” not “all data blow up”—it coexists with provably reqular
halting data.)

(d) Instance independence. For any Turing machine M. whose halting status is independent of T' (such machines
exist for every consistent T 2 PA), the instance R(e) is independent of T.

(e) Universality. Parts (a)-(d) use only the Church—Turing theorem, not any property specific to ZFC. Replacing
ZFC with ZFC + large cardinals or any other consistent extension does not change the barrier.

Proof. (a) Theorem|V.1] (b) Universal instantiation + recursive enumerability of T-proofs gives a computable halting
decision, contradicting (a). (¢) PA proves “Mjoop does not halt”; Theorem m gives blow-up. (d) Choose e with T-
independent halting; R(e) < “M, halts” is then T-independent. (e) Church-Turing applies to all consistent recursively
axiomatizable systems. O

Corollary V.3 (ZFC status of averaged NS). The universal statement (x) is false and PA-refutable. The decision
problem e — R(e) is undecidable. For each consistent T D PA, there exist specific computable averaged NS initial
data whose reqularity is independent of T'.

Remark V.4 (Church-Turing, not Godel). Gddel’s incompleteness provides, for each T, a true sentence T cannot
prove; extending T proves it but creates new unprovables. The Church—Turing theorem provides an uncomputable
function no Turing machine computes; no axiom extension changes this. Theorem [V.3 is Church—Turing: adding
large cardinals or projective determinacy does not help, because the barrier is computational, not proof-theoretic.

Remark V.5 (Comparison with Cubitt—Pérez-Garcia—Wolf). CPW [{|] proved undecidability of the spectral gap for
2D quantum lattice Hamiltonians by encoding Turing machines into local Hamiltonians via Wang tilings. The strategy
here is analogous: encode TM — CA — initial velocity field (Theorem ; regularity < halting.

Remark V.6 (From analytic obstruction to computational barrier). Tao’s averaged NS result [3] establishes an
analytic obstruction: no proof strategy using only the energy identity and abstract upper bounds on the nonlinearity
can establish global reqularity, because the averaged system has all these properties yet blows up. Theorem[V.3 upgrades
this to a computational obstruction: no uniform computable method—even one exploiting the full equation-specific
structure of NS, not just abstract bounds—can decide regularity across all computable data, because such a method
would decide the halting problem. The barrier is not that current techniques are insufficiently sharp; it is that no
computable technique, of any kind, suffices uniformly.

VI. TWO PATHS, ONE BOUNDARY

We now have two routes to the same conclusion.

The FIM route (Section builds a geometric picture: A\; measures distinguishability, the backward spectral
equivalence connects A\; — 0 to blow-up via vorticity and BKM, and the cascade encoding makes \; track halting.
This route encounters the equidistribution gap (Remark [[V.11)).

The direct route (Section bypasses geometry entirely: the programmable cascade (Theorem gives the
equivalence , and Church—Turing gives undecidability in three lines.



Remark VI.1 (What each path reveals). The direct route proves the theorem: averaged NS regularity encodes halting.
The FIM route provides the understanding: it reveals why the halting problem appears in fluid dynamics (through
information-geometric degeneracy), what the spectral gap measures (the flow’s capacity to distinguish computational
states), and where the Church—Turing boundary lives in the geometry of probability distributions.

The equidistribution gap in the FIM route is mot a failure of technique. It is a reflection of the undecidability
itself. Whether \i(t,) — 0 for a specific encoded datum depends on whether the encoded machine halts—uwhich is the
question the theorem proves is undecidable. The gap in the proof is the gap in computability.

The FIM framework, although not needed for averaged NS independence, becomes essential for exact NS, where
the averaged framework does not apply. The averaged nonlinearity B is engineered; the exact nonlinearity (u - V)u
is physical. The backward spectral equivalence (Theorem [[IL.6) holds for both systems, so the FIM bridge variable
carries over.

VII. EXACT NAVIER-STOKES

The undecidability of averaged NS regularity does not immediately address the Clay problem, which concerns exact
NS with the physical nonlinearity (v - V)u. Can exact NS encode Turing machines? The FIM spectral gap provides
the connection.

A. Averaged—Exact Approximation

Let u®'8, u®* denote the averaged and exact flows from the same datum u}!. The error e = u®* — u®'8 satisfies:
die = vAe — B(e,u™) — B(u™8, e) + (B — B)(u™8, u™"®). (18)
Lemma VII.1 (Averaged—exact approximation). For the cascade encoding with amplitude A and n CA steps:

le(t)l:  _ nCrr
sl = A

(19)

where Ci depends on the averaging kernel.

Proof. The forcing (B — B)(u®'&, u?'8) acts below the encoding scale, bounded by Cx (v/A) ||uanH§{1. Gronwall over
n steps gives the result. O

B. Near-Blow-Up

Theorem VII.2 (Near-blow-up). For every N € N and ¢ > 0, there exists computable ug € C*° N L? with V -ug = 0
and K (ug) < 0o such that the exact NS solution satisfies

inf A (t) <e. (20)

0<t<ty

Proof. Choose a non-halting TM M,;, and set the encoding amplitude A = NCkv/e. By Lemma the exact flow
tracks the averaged flow within relative error £ through step N. By Theorem [[V.6] the averaged flow blows up, so on
[0,tx] the averaged H' norm grows without bound. By the backward spectral equivalence (Theorem applied
contrapositively: if A\}*® > 6 > 0 on [0,¢x], then [[u*'8||,: remains bounded—contradicting blow-up. Therefore
A[VE(t) < 6 for some t < ty, for every § > 0. Lipschitz stability of eigenvalues [9] under the L?-error bound then gives
AT(t) < e. O

C. The Energy Barrier

Proposition VII.3 (Energy barrier). The energy inequality % ||u||2LQ = —2v ||Vu||2Lz < 0 limits any finite-energy
evact NS datum to finitely many faithful CA simulation steps. For ||ug| ;> = EY/? < 00: Npax < |[EY2/(Cgv)] < 0.

Proof. Each CA step requires amplitude > A/2. By the energy inequality, A < 2|jug| ;. = 2E/2. O



10

Remark VII.4 (The energy barrier as information destruction). In the FIM evolution , the Bakryfémery term
—2v Ric;; is viscosity destroying information: the flow dissipates the computational structure encoded in the velocity
field. The energy barrier says this destruction caps any finite-energy datum at finitely many faithful steps. The fluid
runs out of computational capacity.

Blow-up overcomes this. Ast — T, the amplification (T* —t)’1/2 provides growing amplitude that outpaces viscous
loss. This is the key mechanism enabling unlimited computation in exact NS—but only if blow-up exists.

VIII. C2 EQUIVALENCE AND ANALYTIC ABSOLUTENESS
A. Conditional Independence for Exact NS

Theorem VIII.1 (Conditional independence). Assume:
(C1) There exists ® : (0,00) — (0,00) with ®(s) — 00 as s — 01 such that \(t) < s implies [[u(-, )| ;1 > D(s).

(C2) There exists a single computable ug € C*° N L? whose exact NS flow simulates a non-halting machine for all
n € N.

Then:

(1) (xex) is false: computable blow-up data exist.

(ii) The exact NS regularity decision problem is undecidable.
(#3) Individual instances are ZFC-independent.

Proof. Under (C2), unlimited simulation from a single datum forces the energy barrier to be overcome, requiring
blow-up, giving (i). Under (C2), for any TM M., computable exact NS data exist with regularity < M, halts. The
argument of Theorem gives (ii)—(iii). O

B. C1 Under Type II Blow-Up

Theorem VIIIL.2 (C1 holds under Type II). Under Type II blow-up at T* < oo, Ai(t) < s implies ||u(-,t)|| 1 > P(s)
where ®(s) = aln(A1(0)/s)/(2C"B) — co.

Proof. By (1)), Ay < s gives ngwHLoc > In(A\1(0)/s)/C’. Type II rate ||| > cr~V/2 ([I0, I1]) gives 7 <
C/1n*(1/s), and |ul| ;1 > ar~'/? yields the bound. O

C. The C2 Equivalence

This is the central structural theorem for exact NS.
Theorem VIII.3 (C2 equivalence). The following are equivalent:
(a) There exists computable ug € C N L? whose exact NS flow simulates a non-halting machine for all n € N.
(b) There exists computable ufy € C°° N L? whose exact NS solution blows up in finite time.
(¢) (%ex) is false.

Proof. (a)=(c): Simulation for all n requires unbounded effective amplitude, impossible under the energy inequality
unless blow-up occurs (Proposition [VIL.3)). The datum is computable, so (xex) is false.

(c)=(b): If (xex) is false, some ug € C> N L? gives blow-up at time T* < co. We need: some computable datum
also blows up.
By continuous dependence on initial data in H' on compact time intervals (standard local wellposedness theory

for NS), for every T' < T* there exists §(T") > 0 such that Hvo - ug’ m < O(T) implies [|[o(T)|| g1 > |w(T)| g1 /2.

Computable data are H'-dense, so for each T < T™* there exists computable vy with ||v(T)||;: arbitrarily large.
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However, this gives computable near-blow-up (arbitrarily large norms at finite times), not blow-up itself: the H!
norm of v might subsequently return to finite values.

The full conclusion—computable blow-up—requires that the blow-up set B = {ug € C*° N L? : T*(ug) < oo} has
nonempty interior in H'. Openness of B is not known for 3D NS. Shoenfield absoluteness (Corollary provides
a partial substitute: —(%ex) is 31, so if true, it holds in every transitive model of ZFC, and the witnessing datum is
A2-definable (hyperarithmetic). This gives a datum of low descriptive complexity—far simpler than a generic element
of C* N L?—but hyperarithmetic is strictly weaker than computable.

In practice, every constructive blow-up mechanism studied for NS (self-similar, Type II concentration, Tao-style
cascade adapted to exact nonlinearity) produces blow-up from explicitly specified initial data that are manifestly
computable. The gap between (¢) and (b) is therefore a gap between abstract existence of blow-up and constructive
ezistence—between knowing that the Clay problem has a negative answer and being able to exhibit a witness. If blow-
up for exact NS is ever proved by any concrete mechanism, the witnessing data will be computable and (b) follows
automatically.

(b)=(a): Given blow-up at T™, construct ug = ug+uf® with the blow-up component near z* and the CA encoding
in {|z — z*| > ¢}. Under Type II blow-up with sufficient profile decay, the cross-to-signal ratio vanishes as 7 — 0, and
the blow-up amplification A(t,,) ~ Ao(T* —t,)~ /2 — 0o makes the simulation error tend to zero (Remark [VIIL5). [

Remark VIIL.4 (The (c)=-(b) gap). The direction (c)=(b) is the only step in the C2 equivalence that is not
unconditional. It reduces to: if blow-up exists at all, does it exist for computable data? Three routes could close this

gap:

1. Openness of the blow-up set. If B is open in H', then H'-density of computable data gives computable
blow-up data immediately. Openness follows from upper semicontinuity of T, which is known for some parabolic
equations but not for 3D NS.

2. Trapped blow-up manifold. In the Merle-Raphaél tradition [T7]: identify a blow-up profile, prove that an
effective neighborhood of data is trapped in the blow-up regime via modulation analysis, and verify that the
trapping constants are explicit enough that a computable datum lies inside the tube. This requires a concrete
blow-up mechanism for exact NS, which is open.

3. Definability argument. Shoenfield absoluteness gives a A3 witness, and one could attempt to improve the
descriptive complexity to X9 (computable) by analyzing the structure of the blow-up predicate more carefully.

Without closing this gap, the C2 equivalence should be read as: (a)&(b) unconditionally; (c)=(b) conditionally
on blow-up stability or constructive blow-up. The dichotomy (Theorem |VIII.1(}) and analytic absoluteness (Corol-

lary|VIILY) do not depend on (c)=(b).

Remark VIIL.5 (Spatial separation). The (b)=(a) direction uses only: the blow-up component decays fast enough
away from x* that cross-to-signal ratios vanish. It suffices that HublOW“pHLoo(‘x_x*lM) = o((T* — t)~1/?), which holds

for all known singularity scenarios [10, [1§].

Remark VIII.6 (The computation interpretation). The C2 equivalence says: exact NS supports unlimited compu-
tation if and only if blow-up exists. Blow-up provides growing amplitude that outpaces the energy barrier, enabling
indefinite simulation. Without blow-up, every finite-energy datum is capped at finitely many faithful steps. The exact
NS independence question reduces to: does blow-up exist? This is the Clay question itself.

Remark VIIL.7 (Formalizing Tao’s conjecture). Tao [J] noted that blow-up mechanisms similar to his averaged
construction might conceivably be realizable for exact NS, suggesting that the physical nonlinearity could inherit com-
putational universality from the averaged system. The C2 equivalence ( Theorem is the precise version of this
suggestion: exact NS universality < blow-up. The “remote possibility” is not a vague analogy but a sharp bicondi-
tional, and its truth value is analytically absolute (Corollary .

D. Analytic Absoluteness

Theorem VIIL.8 (Complexity reduction). —(%ex) is ¥1: Ja € 2% [R()] where R is arithmetic.

Proof. Encode the entire NS trajectory from a computable index e as a € 2% by recording rational approximations at
rational times. The trajectory lives in C([0,T*); H'(R3)), a separable metric space. Then: —(%¢y) = Ja [ encodes a
valid NS trajectory from computable data that diverges in H']. Validity is I1{; divergence is I13. Their conjunction
is arithmetic. One existential real quantifier over an arithmetic matrix is 1. O
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Corollary VIIL.9 (Analytic absoluteness). By Shoenfield’s theorem [12], ¥} statements have the same truth value
in every transitive model of ZFC. The truth value of (xex) 48 forcing-invariant and the same in V and L.

E. The Dichotomy

Theorem VIII.10 (Dichotomy for exact NS). Assume ZFC is consistent. Ezactly one of the following holds:
(R) Regularity provable: (%ex) is true and ZFC b (%cx).
(F) Blow-up provable: (xe) is false and ZFC F = (ey).
(I) Blow-up exists, unprovable: (%ex) s false and ZFC t —(kex)-
(I') Regularity true, unprovable: (%ex) s true but ZFC tf (%ex). Every model of ZFCH—(kex) 48 ill-founded.

In all cases, the truth value is analytically absolute (Corollary|VIILY). If blow-up exists, it exists from a A?-definable
datum (Shoenfield).

Proof. (%ex) is true or false; in each case ZFC either decides it or does not. Four cases, mutually exclusive by ZFC-
consistency. Ill-foundedness in (I'): if (xex) is true, —(xex) is false X1; by Shoenfield, no transitive model satisfies
it. O

Remark VIII.11 (Relation to averaged NS). For averaged NS, the programmable cascade collapses the dichotomy:
(R) is excluded (Theorem[V-3(b)) and (F) holds (Theorem [V.4(c))—some data provably blow up, others are provably
reqular. The universal statement is false and PA-refutable. For exact NS, we do not know which scenario holds. The
C2 equivalence constrains: if (F) or (I) holds, exact NS supports unlimited computation.

Remark VIIL.12 (What (I') would require). In scenario (I ), ZFC proves regularity for each individual computable
datum e, but proof lengths grow faster than any computable function of K(p.). The universal statement is true but
not captured by any single ZFC proof.

Remark VIII.13 (Comparison with CH). CH is X1 —above the Shoenfield threshold—so forcing can change its truth
value. (%ex) is 11}, below the threshold. If independent (scenarios I or I'), the independence is proof-theoretic (ZFC
lacks deductive strength), not set-theoretic (bifurcating models).

IX. DISCUSSION
A. Why NS Regularity Resists Resolution

The results explain why the NS regularity problem has resisted resolution despite decades of effort.

For averaged NS, the universal regularity statement is equivalent to “all Turing machines halt”—false and undecid-
able as a uniform decision problem. No consistent formal system can sort every computable datum into regular/blow-
up, because doing so would sort every Turing machine into halting/non-halting.

For exact NS, the C2 equivalence sharpens this: the physical nonlinearity supports unlimited computation if and
only if blow-up exists. Without blow-up, the energy barrier caps every datum at finitely many faithful simulation
steps. With blow-up, growing amplitude restores unlimited computational capacity.

The regularity question is therefore not a question about analysis that happens to be difficult. It is a question about
computation, expressed in the language of PDEs. Attempts to prove regularity face a precise obstruction: any uniform
proof would constitute a computable decision procedure for halting (Theorem b)) Attempts to exhibit blow-up
by numerical simulation face the complement: the fluid dynamics one seeks to simulate may itself be performing a
computation that no finite simulation can resolve.

B. The Proof Gap Is the Undecidability

The FIM spectral gap A1 was introduced as a bridge between PDE regularity and computability. The program for
exact NS required showing A1(t) — 0 from computable initial data—precisely hypothesis (C2). The C2 equivalence
proves:

C2 holds <= blow-up exists <= —(%ex)- (21)
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Whether the FIM spectral gap degenerates for exact NS from computable data is equivalent to whether blow-up
exists, which is the question the paper proves sits on the Church—Turing boundary.

The gap in the proof and the spectral gap of the FIM are the same boundary, viewed from two sides. The information
needed to close the proof is precisely the information that cannot be uniformly computed. The FIM does not merely
detect the undecidability; its behavior for exact NS is the undecidability, geometrized.

C. The Clay Problem as a Computational Question

The Clay problem asks: does blow-up exist for exact NS? The C2 equivalence reveals this is simultaneously: does
the physical nonlinearity support unlimited Turing-complete computation? These are not analogous questions—by
Theorem they are the same question.

For averaged NS, both answers coexist: some data blow up (encoding non-halting machines), others are regular
(encoding halting machines). For exact NS, the C2 equivalence compresses: whether any non-halting encoding runs
forever is equivalent to whether blow-up exists from computable data.

If blow-up exists (scenarios F or I), exact NS inherits the full computational universality of averaged NS. If not
(scenarios R or I'), the energy barrier prevents unlimited computation and the regularity question admits a uniform
affirmative answer—though ZFC may or may not prove it.

Remark IX.1 (Circularity as content). The equivalence “does blow-up exist?” < “does exact NS compute?” < “is
exact NS reqularity undecidable?” may appear circular. The circularity is the content of the theorem: NS regularity,
NS computational universality, and the halting problem are the same question in three languages. Resolving any one
resolves all three.

X. RESOLUTION
A. Theorem Chain

1. Backward spectral equivalence (Theorem [[IL.6): A; — 0 = blow-up (all NS).

2. FIM tracking (Lemma : Halting = A1 > 0 > 0; non-halting = inf,, A\ (¢,) = 0.

3. Undecidability (Theorem : Averaged NS regularity encodes halting (directly from Theorem [[V.6)).
4. Church—Turing barrier (Theorem : No consistent 7' O PA uniformly decides regularity.

5. ZFC status (Corollary [V.3): (x) false; instances ZFC-independent.

. Near-blow-up (Theorem : Exact NS A; driven below e.

. C2 equivalence (Theorem : Unlimited computation <= blow-up.

o N O

. Analytic absoluteness (Corollary [VIIL.9): Truth value forcing-invariant.
9. Dichotomy (Theorem [VIIL.10): Exactly R, F, I, or T'.

B. Resolution Statement

Theorem X.1 (Resolution). (i) For averaged NS, reqularity is equivalent to halting (Theorem. The universal
statement is false. The decision problem is undecidable. Individual instances are ZFC-independent.

(ii) The Church—Turing barrier prevents any consistent formal system extending PA from uniformly deciding regu-
larity.

(iii) For exact NS, C2 equivalence: unlimited computation <= blow-up.
(iv) Truth value analytically absolute. If blow-up exists, from a A2-definable datum.

(v) Ezact NS constrained to R/F/I/T.
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Remark X.2 (In what sense this resolves the problem). For averaged NS, the reqularity decision problem is resolved
in the same sense as Hilbert’s tenth problem: mot by producing a uniform YES or NO, but by proving the decision
problem is computationally equivalent to halting. The undecidability is the answer.

For exact NS, the logical structure is completely characterized but the specific outcome is not determined. The C2
equivalence reduces the question to a single binary: does blow-up exist? Analytic absoluteness ensures the answer is
fized regardless of set-theoretic considerations. Determining which scenario holds is equivalent to determining whether
physical fluid dynamics is a universal computer—which by C2 is equivalent to determining whether blow-up exists,
which is the Clay question itself.

Appendix A: Evolution of FIM under NS Flow
Let P, = |u\2 / ||uH2LQ, s; = 0; In P,. Differentiating g;; = [ s;s;P; dz in t:
Otgi; = /[(6t5i)5j + 5:(0¢s;) + 8i5;0; In Py] P, d. (A1)
Substituting d;u from : the pressure gradient —Vp drops out because 9; is the parameter derivative 9/90; (not

a spatial derivative), and the Leray projection Py, onto divergence-free fields annihilates Vp in the nonlinear term.
The viscous term contributes —2v Ric;; (Bakry-Emery [6]); the nonlinear term contributes —Q;;. This yields . O

Appendix B: Score-Gradient Bound

We prove ||0;u/ |ull| 2 (p,y < C14/gii rigorously, handling the set where u ~ 0.

Decomposition and zero-set control

Since u(-,t) € C*(R?) for t € [0,T*), the zero set Z; = {x : u(x,t) = 0} is closed and has Lebesgue measure zero
(by unique continuation for NS; see Escauriaza-Seregin-Sversk [10]). The weight P,(z) = |u(z,t)|* / ||u\|iz vanishes
on Z, so the L?(P;) norm ignores Z;.

Fix 6 > 0 and decompose R? = QF UQ; where Qf = {z : |u(z)| > 6} and Q5 = {x : Ju(z)| < §}.

Bound on Q;r

On Qf, |u| > § so the ratio |0;u| / |u| is bounded by |9;u| /. Since u € HY, d;u € L?, and:

2
ul® 1 dul? 10ull 72 f
/ 19:4] Pidx < / | “rz| lul? dz = L) (B1)
¢ Qf

2 = 2 2
o ul [l 2 |u [z

Bound on Qj
The P;-mass of €5 satisfies

(B2)

)

B 8% (s
Pt(Qﬁ):/ﬂiPtdx < ’;|(|25)
5 L2

which vanishes as § — 0 since ||ul| ;. > 0 is fixed. By Holder’s inequality on L?(P;) restricted to 5 and the Sobolev
embedding H?(R3) — C°(R3) (giving |9;u| € L2.):

loc

3¢u2 P,
[ O par < ol [T (B
o |ul o |u|

i

Since P,/ [u> =1/ |jul|3, is a constant, this equals ||aiu\|§wm;) (Q5)/ ||u]l3 2, which is finite for each § > 0.
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Relation to gi;

The score is s; = 2(du-u)/ |u]> — ¢; with ¢; = Ep, [2(8;u - u)/ |u|?] the centering constant. By the Cauchy—Schwarz
inequality on R3:

(Ou-w)* _ |0yl

4 = 2 (B4)
|ul |ul
Therefore, integrating against P; over all of R\ Z:
i - u)? D -
gii = Ep,[s7] > 4Ep, (“4”)1 —4|C¢Eptl| “2“| +c?
|ul |ul
|3iu|2 1/2

> 4Ep, 2 ~(1+0(0)) — O(g;; "), (B5)

where the O(d) term accounts for the Qy contribution (which can be made arbitrarily small by taking § — 0 with

the Qy mass shrinking). Sending § — 0 and using the centering correction |¢;| = O(gili/ 2) (by Jensen applied to the

mean score):

|8Z-u|2 2
Ep, < C{ gii (B6)

Jul*

for a universal constant C'; obtained by solving the quadratic inequality (B5]). Taking square roots gives [|0;u/ [u|[|p2(p,) <

Cl\/gii~ O

Appendix C: Algorithmic Information Theory Preliminaries

We collect the AIT facts used in the main text.

Definition C.1 (Kolmogorov complexity [13]). K(z) is the length of the shortest program for a fixed universal
prefiz-free Turing machine that outputs x. The conditional complexity K(x | y) has y as auziliary input.

Theorem C.2 (Coding theorem [I3]). K(x) = —log, m(z) + O(1) where m is the universal prior (Solomonoff
measure).

Theorem C.3 (Vereshchagin-Vitdnyi [22]). For any computable f : {0,1}* — R>o and distribution P: Ep[f] <
oK (fIPT)+OM) where P* is the shortest program for P.

Theorem C.4 (Algorithmic Sanov [13]). For computable Q and any P: (P||Q) > K(P) — K(Q) — O(log |P]).

Appendix D: Self-Contained APO Foundation

The companion paper [23] provides full proofs of the two results that justify the Fisher manifold as the arena for
this paper. For the reader’s convenience and to make the present paper self-contained, we reproduce those proofs
here. No APO machinery beyond the Bhattacharyya coefficient as the recognition operator is required.

1. K Inside Bhattacharyya

The Bhattacharyya coefficient and Kullback—Leibler divergence are related by:
B(p,q) > exp(—3(pllg)), (D1)

since —In B(p, q) = —InE,[(¢/p)/?] < E,[—In(q/p)'/?] = 1(pq) by Jensen’s inequality applied to the convex func-
tion — In. Equivalently, the Rényi divergence of order % satisfies Dy /2(pllq) = —2In B(p, q) < (pllg) by monotonicity
of Rényi divergences in the order parameter.
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Remark D.1 (Direction of the BKL inequality). Inequality (D1)) gives a lower bound on B: large prevents B from
being close to 1, but does not force B — 0. In particular, (p,|lq) — oo does not imply B(pn,q) — 0; the implication
requires control on Dy /o directly.

Conjecture D.2 (K Inside Bhattacharyya). Let {p,} be a sequence of computable probability distributions on a
common finite alphabet X with |p,| — oo and K(p,)/ |pn] = 1 (approaching Martin-Léf randomness). Then for any
fized computable distribution q with supp(q) = X':

B(pn.q) = »_ /pa(x)a(z) — 0. (D2)

zeX

Remark D.3 (Status and scope). An earlier version of this paper stated Conjecture as a theorem, with a proof
routed through the inequality B < exp(—%) (the reverse of ) That inequality is incorrect: the derivation conflated
—InE,[X] with Ey[—In X] at the step —4 InE,[q/p] = 1(pllq) (the left side is 0, not §). The Algorithmic Sanov bound
gives (pnl|lqg) — oo under the stated hypotheses, but the correct BKL direction converts this only to a lower bound
on B, not the required upper bound. A wvalid proof of the conjecture would require a direct coding-theoretic bound on
the Rényi divergence Dy o or on the Bhattacharyya coefficient itself.

Conjecture is not used in the proof chain of any theorem in this paper. Its role is motivational: it justifies the
FIM spectral gap A1 as the natural geometric proxy for compressible structure, by showing (if true) that the Fisher
manifold degenerates at the boundary of algorithmic randomness. All results on undecidability, the Church—Turing
barrier, and the four-way dichotomy are independent of this conjecture.

2. Bhattacharyya—Fisher Identity

Theorem D.4 (Bhattacharyya—Fisher Identity). Let {Py : 8 € © C R"} be a smooth parameterized family of
probability distributions. Write B(0,e) = B(Py1e, Py). Then:

82

9ij(0) = =2 nB(0,e)| (D3)

Oe; O¢; e=0
where g;;(0) = Ep,[0; In Py - 0; In Py) is the Fisher Information Matriz.

Proof. Set ¢ = /Py, s0 B(Pyye, Po) = (Yo+e, Vo) L2 With (g, 10g) = 1.
Taylor-expanding g1, to second order:

1/194-5 = 1,09 + 61‘61‘1/)9 + %sisj&ang + O(‘(—Z‘S) (D4)
The first-order term in B vanishes: differentiating (1, 1g) = 1 gives (9;¢9, 10g) = 0.
For the second-order term, use the score identity ;19 = %siwg where s; = 0; In Py. Differentiating again: 0;0;1¢ =
%(53‘81‘)1/19 + isisjzﬁg. Therefore:
(005109, o) = %/(51'51‘)}79 + i/sisjpe =39 /Sipe —39ij + 19 = —19ij> (D5)
=0
using [ s;Py = 0 (zero-mean score) and integration by parts. Thus:
B(Pyie, P) =1 — Leigjgi;(0) + O(le?). (D6)

Taking In and differentiating twice at ¢ = 0 (using 9;B|.—o = 0 from the vanishing first-order term):

—28§i5j In B

=-2-(—5-2)gi; = 9:;(0). O (D7)

e=0
O

Corollary D.5 (FIM as compressibility curvature). The FIM entry g;; is the rate at which Bhattacharyya overlap
(compressible similarity) is lost as parameters vary. The spectral gap A1 = minj,—; gijv'v? is the minimum rate
of compressible overlap loss across all parameter directions. Hence A1 > 0 iff Py is locally distinguishable from its
neighbors (retains structure); \y = 0 iff the distribution is informationally isotropic in some direction.
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Together, Conjecture and Theorem [D.4] motivate the chain:
K(P)/|P| =1 = B(P;,q) 0 = A\(t) =0, (D8)

where the first implication is Conjecture (currently open; see Remark and the second follows from the Hessian
identity of Theorem (since B — 0 uniformly in all parameter directions forces all eigenvalues of g;; to zero). As
noted in Remark is chain provides conceptual motivation for using the FIM spectral gap as the bridge between
computability and PDE regularity, but does not appear in the proof of any theorem in the paper.
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